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Abstract 

Angular Voronoi diagram was introduced by Asano et al. 
as fundamental research for a mesh generation. In an an- 
gular Voronoi diagram, the edges are curves of degree 
three. From view of computational robustness we need 
to treat the curves carefully, because they might have a 
singularity. 

We enumerate all the possible types of curves that ap- 
pear as an edge of an angular Voronoi diagram, which 
tells us what kind of degeneracy is possible and tells us 
necessity of considering a singularity for computational 
robustness. 

1 Introduction 

The Voronoi diagram has developed as one of the most 
important research objects in computational geometry ||2] 
I?). Although originally Voronoi diagrams were inves- 
tigated in the terms of Euclidean space, research about 
Voronoi diagrams in other distance spaces has developed 
recently. Voronoi diagrams can be considered as a power- 
ful tool to analyze the structure of an unnatural distorted 
distance space ||4l|5]|6l. 

Asano et al. |T| first introduced the angular Voronoi dia- 
gram. It is proposed as a fundamental research applicable 
to a mesh generation. They showed edges of an angular 
Voronoi diagram are curves whose degree is at most three. 

Generally understanding degeneracy of a Voronoi di- 
agram is very important especially from a computational 
point of view. It is a basis to assure the robustness of com- 
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Figure 1: Examples of where two edges are crossing at 
their singular points 

putation of the actual diagram. To deal with other distance 
spaces and keep computational robustness, we extend the 
meaning of "degeneracy". When we say a "degenerate 
case," it is a case which takes special care for computa- 
tional robustness. Especially for an angular Voronoi di- 
agram we have to consider singularities of curves. We 
show a symbolic example in Fig.[T] In this example, the 
two edges have a intersection at their singular points, both 
of which are nodes. 

In this paper, we show a classification of possible 
curves which can appear as edges of an angular Voronoi 
diagram. Although we have not completed the whole clas- 
sification, we have achieved to show possible variety of 
curves. This is a first step to investigate the degeneracy 
angular Voronoi diagrams. This is a good indication for 
a structure of a general Voronoi diagram with respect to 
non-Euclidean distance. 
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Figure 2: Three types of singular points of curves of de- 
gree three 

The rest of this paper is organized as follows. First, 
in Sect. |2] we give some mathematical properties of de- 
gree three equation and properties of edges of an angular 
Voronoi diagram. In Sect.[3]and Sect.|4], we show degen- 
eracy of angular Voronoi diagram. We give a conclusion 
in Sect. El 

2 Preliminaries 

2.1 Curves of degree three and their singu- 
larities 

We explain basic mathematical facts about an algebraic 
curve of degree three. For more general theory about al- 
gebraic curves, see f3l. As for singularities, three has a 
special meaning as a number of degree of curve, because 
curves of degree two have only a trivial singularity. Actu- 
ally, a curve of degree two is singular only when its equa- 
tion is divided into two linear equations, and the only sin- 
gularity that may appear is the cross point of the lines. 

Generally for a curve F{x,y) = 0, if ^ = and 
^ = 0, the point is called a singular point. Otherwise, 
the point is called a regular point. 

We show three examples of singular points. Let 
F{x, y) = y"^ — x^{x + a) = 0, that is y = ±x^/x + a. 
|£ = -3a;2 - 2ax, || = 2y, then the point (0, 0) is a 
singular point. Additionally, the singular point is called as 
one of the following three types as shown in Fig.|2] 

(1) a > 0. Two smooth curves, which are symmetric 
with respect to the a;-axis, pass through the point (0, 0) 



as shown in the left of Fig |2] because x + a > in the 
neighborhood of x = 0. In this case, (0, 0) is called a 
node. 

(2) a < 0. There is no real corresponding y value as 
shown in the middle of the Fig |2] since x + a < in the 
neighborhood of x = 0, (0, 0) is an isolated point. 

(3) a = 0. Then y = ±x^ . If a; > 0, there are two 
curves which are symmetric with respect to the x-axis as 
shown in the right of the Fig |2] The two curves have the 
common tangential line on (0, 0), This singular point is 
called a cusp. 

2.2 Angular Voronoi diagram 

In this section, we define the angular Voronoi diagram and 
show its edge is at most three degree. When a line seg- 
ment s and a point p in a plane are given, the visual angle 
of s from p is the angle formed by two rays emanating 
from p through two endpoints of s, and it is denoted by 
0p{s). Since we do not use the direction of the angle, the 
range of the angle is always between and tt. 

Given a set 5 of n line segments si, S2, ■ ■ ■ , Sn in a 
plane, we define an angular Voronoi diagram AVD{S) 
for S as follows: 

Voronoi region: Each line segment s, is associated with 
a region, called a Voronoi region V{si), consisting 
of all points p such that the visual angle of Si from p 
is smaller than that of any other line segment Sj . 

V{s,) = {p e M.^\ep{si) < 9p{sj) for any J ^ i}. 

(1) 

Voronoi edge: Voronoi edges form the boundary of 
Voronoi regions. Thus, they are defined for pairs of 
line segments: 

E{s„Sj) ^{pe R>p(s,) = 0p{sj) < dp{sk) 

for any k ^ 

(2) 

The following theorem was proved by Asano et al. 

Theorem 1 (UJ). Edges of an angular Voronoi diagram 
are described by polynomial curves of degree at most 
three. 
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(-1,0) (1,0) 



Figure 3: The arrangement of the two Hne segments 

Let us consider a pair of Une segments (si, S2). With- 
out lose of generality, we assume that si is fixed on the 
X-axis, one of the endpoints of si is (1,0) and the other 
is (—1, 0), and assume that the length of S2 is 21, the mid- 
point of S2 is the coordinate (a, b) and a slope between the 
X-axis and S2 is a (see Fig.|3]l. 

Then, we have the equation of the edge of the angular 
Voronoi diagram as follows: 

y{(x-af + (y- 6)2-/2} 

— l{{x — a) sin a — {y — h) cos a] [x^ + y'^ — I) (3) 
= 

For the details of the proof of this theorem, see [T] . 

3 Degree three case 

In this section, we show special cases even when the edge 
is of degree three. First, we show the condition for an edge 
to be a union of two curves. Second, we show the example 
of an edge which is an irreducible but has a singularity. 

Theorem 2. Whenever an equation of an edge of an an- 
gular Voronoi diagram is exactly degree three and fac- 
torable, the equation is a product of a circle and a line. 

Proof. We expand Eq. (O, which is an equation of an 
edge of an angular Voronoi diagram. Then, we have (we 



show only degree three terms of the equation, because it 
is too long.) 

(/cos a + \)y^ + (~lsina)y^x 

(4) 

+ (/ cos a + l)yx'^ + (-/ sin Q!)a;^ H ==0. 

The general form of a product of an expression of degree 
two and an expression of degree one is 

(aiy2 + a2yx + a^x"^ + a^y + a^x + oe) 
X {hy + b2X + bs) = 0. 

We expand Eq. (|5]l. Then we have (only degree three 
terms) 

aibiy^ + (0162 + a2bi)y^x 

2 3 (6) 
+ {a2b2 + a3bi)yx +03622; H = 0. 

If Eq. (|3]l is factorable, then both Eq. (|4|i and Eq. (|6]l have 
the same factors. 

/ cosa + 1 = ai6i, —/ sina = 0162 + 0261, 

/ cosQ! + 1 = 0262 + 0361, — /sina = a362. (7) 

Eliminating / and a from Eq. (|7]i, we have 

0161 = 0262+0361, 0362=0162+0261. (8) 

Solving Eq. ([8]l, we have 

61 = 62 = or (9) 
oi = 03, 02 = 0. (10) 

If Eq. (|9]l holds, then we have 

bsia-iy^ + a2yx + 03^^ + a^y + 05a; + og) = (11) 

In this proof, we do not consider this case, because 
Eq. (fTTl i is degree two. If Eq. (fTOl i holds, then we have 

(oiy2+aix2+04j/+05X+a6)(6ij/+62X+63) =0 (12) 

oiy2 4- aix^ + 04J/ + osx + og = is the equation of a 
circle. □ 

Note we do not say a radius of the circle is positive, that 
is to say, it may be or imaginary number 
We found the following remarkable examples. 
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Figure 4: Example 1 circular degeneracy 



Example 1. If four endpoints of two line segments are on 
the same circle and the two line segments have the same 
length, an equation of an edge of an angular Voronoi dia- 
gram is a product of a circle and a line as in Fig^ 




Figure 5: Arrangement of two lines 



Proof. We use the same setting as Section |Z2| We con- 
sider a circle C whose center is (0, h) and whose radius is 
Two endpoints of si are on C. We change the 
parameters: 



a = hcos9, b = h + hsm9, 1 = 1, 



2' 

(13) 



Then two endpoints of S2 are on C and the length of S2 is 
also 2. Substituting Eq. (fTsT i into Eq. (O and factorizing 
it, then we have 



{y^ + - 2hy - I) 

X {(1 + sin9)y + {cos9)x - h{l + sin 6*)} = 0. 



(14) 



Eq. ( fT4] i is a product of an equation of a circle and an 
equation of a line. □ 




Example 2. Suppose that two line segments AB and CD 
are given and O is a crosspoint AC and BD. If AC crosses 
BD orthogonally, and if the length of AO is equal to the 
length of CO and the length of BO is not equal to the 
length of DO in Fig^ an equation of an edge of an angu- 
lar Voronoi diagram is a product of a circle and a line as 
in Fig^ 



Figure 6: Example 2 circular degeneracy 



4 



Proof. We place line segment si on (2, 0), (0, —2 tan^i) 
and place line segment S2 on (—2, 0), (0, 2 tan6'2)- Sup- 
pose (cc, y) is a point from where the visual angle of si 
is equal to that of S2- Then there are two circle Ci and 
C2, Ci passes through (a;, y) and two endpoints of si 
and C2 passes similarly. We find the center of Ci is 
(1 — ft-i sin6'i, — tan^i + hiCOsOi), because Ci passes 
two endpoints of si. In the same way, the center of C2 is 
(—1 — h2 sin 6*2, tan O2 + ^-2 cos 62)- Because both (2, 0) 
and [x, y) are on Ci, 

(1 - hi sin 6*1 - 2f + (-tan 6*1 + hi cos 6*1)^ 



= (1 — hi sin 6*1 



(— tan6'i + hi cos6'i — y)"^ . 

(15) 



Because both (—2, 0) and (x, y) are on C2, 

(-1 - h2 sin6l2 - (-2))^ + (tan 6*2 + /i2 cos 6*2)^ 

= (-1 - /i2 sin6'2 - xY + (tan 6*2 + ft.2 cos 612 - y)^. 

(16) 

The ratio between the distance the center of Ci to si and 
the length of si is equal to the ratio between the distance 
the center of C2 to S2 and the length of S2, since the visual 
angle of si from (x, y) is equal to that of S2 from (x, y). 




Figure 7: Example 3 circular degeneracy 




Figure 8: Example 4 circular degeneracy 



h2 



cosyi 



cos 02 



(17) 



We expand Eq. ( fTSl l and Eq. ( fTSI ) and substitute the results 
into Eq. ( [Tt] ). then we have 



(a;'^ + xy^ — Ax) sin(6'i — 6*2) — 4a;j/cos( 



92) = 0. 

(18) 



We can divide Eq. ( fTSI ) by sin(6'i — O'l)^'^ 0), because the 
length of BO is not equal to that of DO. 



!{a:;2+ (zj-2tan(|- 01+^^2)'' 



(19) 



4cos2(|-6'i+6»2). 



= 0. 



Eq. ( |T9] l is a product of an equation of a circle and an 
equation of a line. □ 



Example 3. If two line segments are on the same line and 
their lengths are not equal, an equation of an edge of an 
angular Voronoi diagram is a product of a circle and a 
line (see Fig^. 



Proof. We use the same setting as Section |Z21 si is on 
the X-axis. Suppose b, I and a satisfy the following. 



6 = 0, 



a = 0, TT, 



1^1. 



(20) 



Then S2 is on the x-axis and its length is not equal to 
the length of si. Substituting Eq. (|20] i into Eq. Q and 
factorizing, then we have 

y{{±l + l)y^ + i±l + l)x^ - 2ax + (a^ + P =F 0} 0- 

(21) 

Eq. (ISTT l is a product of an equation of a circle and an 
equation of a line. □ 
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Example 4. If two line segments share an endpoint, an 
equation of an edge of an angular Voronoi diagram is a 
product of a circle and a line in Fig^ 

Proof. We use the same setting of Section 12.21 Suppose 
a, 6, 1 and a satisfy the following. 

a = Zcosa— 1, 6 = Zsina. (22) 

Then one of the endpoints of S2 is also (—1, 0). Substitut- 
ing Eq. (l22l l into Eq. (O and factorizing, then we have 

{y2 + (x + if }{y{l cose- 1) - l{x - l)sin6'} = 

(23) 

Eq. ( fT9] l is a product of an equation of a circle (in this case 
only a point) and an equation of a line. □ 

We have discussed the case when the equation of the 
edge can be divided into two polynomials. That is not the 
only "unusual" case. Even when an edge is also an irre- 
ducible curve, there is an "unusual" case. The following 
is the example. 

Example 5. The following curve which appears as an 
edge of an angular Voronoi diagram is irreducible but has 
a node. 



a = 2, 6 = 



I = 



cos a 



sma = — - 



Proof. Substituting Eq. (|24] | into Eq. (O, we have 

f{x, y) = 2t/ + '^y'^x + 2yx^ + ^x^ 



20 2 . .2 

y — iyx — Ax 



4 

2y X - 

^ 3 



5' 
(24) 



(25) 



We partially differentiate Eq. ( |25] ) as 

9/^4 
dx 
df 



y 



3 



dy 

Substituting y 
we have 



Ayx 
8 



Ax^ - Ay - Sx 
40 



3' 
2 and x 



2x 



-y 



A 
3 

Ax + 2. 



(26) 



- 1 into Eq. ( |25] l and Eq. 



dx dy 



(27) 



The point (-1, 2) is a singularity and we find it is a node 
by drawing the graph of Eq. (|25] | (see Fig|9l). 

□ 




Figure 9: Example of node 

4 Lower degree case 

In previous section, we explain degree three cases. Now, 
in this section, we explain degree less than three cases. 
A degree of an edge of an angular Voronoi diagram can 
be less than three. Three theorems in this section give 
a classification of all possible edges of degree less than 
three. In Th.[3]and Th.|4] we show that the possible shapes 
for an edge of degree two are hyperbola or two lines. Th.|5] 
shows that a curve of degree one cannot appear as an edge. 

Theorem 3. An equation of an edge of angular Voronoi 
diagram is exactly degree two and irreducible, if and only 
if the equation is an orthogonal hyperbola. 

Proof. The conditions for the degree three terms of 
Eq. (IHi to be eliminated is I cos a = —1 and I sin a = 0. 
Solving this system, we derive 



I = 1, 



a = IT. 



(28) 



Eq. ( l28T l means that the two line segments have the same 
length and are parallel. Substituting Eq. ( |28] | into Eq. 
we have 

- by^ - 2ayx + bx^ + (a^ + b^)y -6 = 0. (29) 



If 6 = 0, Eq. (|29ll is -2ayx + (a^ + 6^ ) y = 0. In this case 
the equation of the edge is y{2ax — (a^ + b^)} = 0. It is 
factorable and becomes a product of two orthogonal lines 
(see the right of FigfTOll. Otherwise, 



2 2a 2 '^^ + 

y + -j^yx -X — ; 



1 = 



(30) 
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Figure 10: Examples of Two orthogonal lines 




Figure 1 1 : Example of an orthogonal hyperbola 

If Eq. (|30] | is irreducible, it is an orthogonal hyperbola 
(see FigHIli. If Eq. ( l30b is factorable, 

X/ 1 1 1 ^ 

[ciy + C2X + C3)(—y a; H (31) 

Cl C2 C3 

These two lines are orthogonal to each other as in the left 
ofFigHni □ 

Theorem 4. An Equation of an edge of angular Voronoi 
diagram is exacdy degree two and factorable, if and only 
if it is a product of two orthogonal lines equation. 

Proof See the proof of Th. [31 □ 

Theorem 5. An equation of an edge of an angular 
Voronoi diagram is never degree one. 

Proof. Eliminating the degree two terms from Eq. (|29] l, 
we obtain a = 6 = 0. This means the two line segments 
are exactly the same. This case is meaningless. □ 



Table 1: The types of angular Voronoi diagram's edges 



degree 3 


irreducible 


no singularity 
(most general case) 


one singularity(Ex|5ll 


factorable(circle x line)(Th|2ji 


degree 2 


irreducible(hyperbola)(Thl3l) 


factorable(two line)(Th|4ll 


degree 1 


unrealizable(Th|5ll 



5 Conclusions 

We classified possible curves that can appear as an edge of 
an angular Voronoi diagram. Although we have not got a 
necessary and sufficient condition for each case, we suc- 
cessfully enumerated the cases when the edge becomes 
somewhat "unusual." 

The summary of our results is shown in Table [T] We 
showed that a Voronoi edge can be of degree three or two, 
but cannot be of degree one. A degree three edge can have 
a singularity and if it can be factored into two curves, they 
are always a circle and a line. A degree two curve is a 
hyperbola when it is irreducible, and it is two lines when 
it is factorable. 

Now we are interested in a further analysis on condi- 
tions for unusual curves. For example, "What is the nec- 
essary and sufficient condition for an edge to be a circle 
and a line?" is a problem to consider Additionally, a pos- 
sible relative position of multiple edges is also important. 
To check if what kind of bad-conditioned position (for ex- 
ample, the case multiple curves are crossing at their sin- 
gular point) can be possible is essential to achieve com- 
putational robustness. 
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